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ABSTRACT 

An analys is  f o r  the  compressible turbulent  boundary l a y e r  undergoing 

both adverse pressure gradient  and crossflow along a plane of symmetry is 

presented. 

The purpose of t h i s  inves t iga t ion  i s  t o  provide a method f o r  ca lcu la t ing  

boundary l aye r s  such as  the  ones t h a t  occur on t h e  cen te r l ine  of symmetry 

of an i n l e t .  

The th ree  dimensional compressible i n t e g r a l  equations a r e  wr i t t en  along 

t h e  symmetry plane, and in tegra ted  numerically, and i n  addi t ion  the  e f f e c t  of 

crossflow and t h e  behavior of t h e  boundary l aye r  i s  a l s o  studied.  

Included i n  the  r epor t  a r e  comparisons with the  sparse amount of 

experimental r e s u l t s  ava i l ab le  i n  t h e  l i t e r a t u r e .  While t h i s  p a r t  of t h e  

r epor t  describes t h e  working equations f o r  the  ana lys i s ,  a second p a r t  w i l l  

follow whereby a more extensive experimental inves t iga t ion  w i l l  be presented 

i n  d e t a i l ,  and a f i n a l  comparison with the  experimental r e s u l t s  w i l l  b e  

performed . 
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INTRODUCTION 

Recently t he re  has been a  l a rge  amount of work being performed on a i r  

b rea th ing  propulsion systems, e s p e c i a l l y  f o r  determining flow f i e l d s  over t he  

var ious  conf igura t ions .  

The  h ~ u n d a r y  layer  on a x i a l l y  symmetric configurations has been studied 

by s e v e r a l  i n v e s t i g a t o r s  (Refs. 2,7) however, very l i t t l e  work has been performed 

f o r  t h r e e  dimensional conf igura t ions .  

The i n l e t  p a r t  of the  engine plays an important r o l e  i n  t he  de te rmina t ion  

of the  o v e r a l l  performance of t h e  propulsion system. Of d i r e c t  i n t e r e s t  i s  

i t s  boundary l aye r  c h a r a c t e r i s t i c s  which place an upper l i m i t  on the  maximum 

pressure  r i s e  without s epa ra t ing  the  flow wi th in  t h e  i n l e t .  Methods of 

avoiding t h i s  s epa ra t ion  may be achieved by boundary l aye r  bleed or by de-  

s ign ing  a  t h r e e  dimensional i n l e t .  The r e l a t i v e  advantages of t h ree  dimensional 

i n l e t  des igns  a r e  a l r eady  known, and i t  i s  f o r  t h i s  reason t h a t  t h i s  d e t a i l e d  

s tudy of t he  behavior of t he  boundary l aye r  under both adverse pressure  g ra -  

d i e n t  a s  w e l l  a s  favorable  crossf low i s  undertaken. 

I n  s p i t e  of the  f a c t  t h a t  an adverse crossf low which r e s u l t s  from t h e  
i 

wal l  of t he  i n l e t  p resents  t he  upper c r i t e r i a  f o r  separat ion,  and i s  t h e  more 

d i f f i c u l t  t o  analyze, t h i s  research  w i l l  be concerned with the  favorable  c ros s -  

flow condit ion,  and i t s  e f f e c t  on the  tu rbu len t  boundary l aye r  behavior. 

For t he  ana lys is ,  the  momemtum i n t e g r a l  equat ions i n  the  a x i a l  and p e r i -  

phera l  d i r ec t ion ,  i n  a d d i t i o n  t o  t he  energy equations, a r e  used. The a x i a l  

momentum equat ion  becomes independent of t h e  pe r iphe ra l  one along the  symmetry 

plane, and the re fo re  s i m p l i f i e s  t he  ana lys i s ,  I n  a d d i t i o n  t o  t he  adverse 



pressure  gradien t  produced by the  i n l e t  surface,  it i s  we l l  known t h a t  t h e r e  

a r e  present  s i g n i f i c a n t  pressure  g r a d i e n t s  normal t o  the  wall ,  which tend 

t o  enhance the  p r o b a b i l i t y  of boundary l aye r  separa t ions .  

Instead of t r e a t i n g  the  boundary l aye r  under a l l  these  condit ions,  t he  

normal g rad ien t s  or t h e  e f f e c t  of a p / a y  on the  behavior of  the boundary layer 

i s  t r e a t e d  i n  t he  same manner a s  i n  Refs. 7, 10, and 17.  

This  procedure c o n s i s t s  of determining the  boundary layer  c h a r a c t e r i s t i c s  

* 
such a s  ( 6 , b  and 0) under ap/ay = 0, and adding t o  t h i s  the  con t r ibu t ions  

due t o  t he  inv i sc id  r o t a t i o n a l  f lowfield.  This  method was found t o  be good 

f o r  the  a x i a l l y  symmetric case, and w i l l  be proved adequate subsequently i n  

p a r t  2 of t h i s  paper. 

I n  addi t ion ,  t he  ana lyses  a r e  f i n a l l y  compared with the  experimental  

r e s u l t s  of Ref. 6 f o r  a  cone a t  a n  angle of a t t ack ,  and with the  t h e o r i e s  

of Refs. 11 and 12, which r e f e r  t o  t h e  two dimensional case. 



I. I n t e g r a l  Equations : 

An orthogonal  system of geodesic coordinates  (x,cp,y) was chosen.(Fig. 1 )  

The x curves @=const) a r e  t h e  p ro j ec t ion  of t he  i n v i s c i d  s t reaml ine  on t h e  

surface o f  the  body and the  y curves (x=const ,) a r e  the  orthogonal t r a j e c t o r i e s  

of the  pro jec t ion .  The s u r f a c e  of  t h e  body is  loca ted  a t  y=O, A l i n e a r  

2 
element ds  i s  given by (Fig. 1 )  

I n  t h i s  coord ina te  system, assuming zero normal p re s su re  g rad ien t ,  t h e  

s t eady  boundary l aye r  momentum equat ions a r e :  

Energy equat ion  

Cont inui ty  equat ion 

A t  y=O, uq=w=o,  and a t  y=6, u=u and v =w =0, t h e r e f o r e  t h e  boundary e  ' e e 

condi t ions  f o r  Eq. (1-1) a r e :  

(Fig. 2 )  



In order t o  derive the integral  form of  E q .  (1-1) we make use  o f  the 

continuity eq. ( I - 5 ) ,  from which 

S u b s t i t u t i n g  for v i n  E q ,  (I-1),  in tegrat ing  term by term from zero t o  6 ,  and 

u s i n g  the boundary conditions, we obtain [ s e e  Appendix 1) 

where 

The energy equation (I-4) ,  for uni ty  Prandtl number, i s  

us ing  continuity (Eq.  I-5), .. 



i n t e g r a t i n g  term by t e r m  throughout  t h e  boundary l a y e r ,  we o b t a i n  

[ s e e  Appendix 2 ] 

du 
1 "e 1 e  

4- --- - 
d x  u  d x  e  e  e Mer. 

P - :'? 
p u  11 

e e e  

11. E v a l u a t i o n  of the Cross-flow Parameter 

The momentum i n t e g r a l  e q u a t i o n  i n  t h e  s t reamwise  d i r e c t i o n  and t h e  

energy i n t e g r a l  e q u a t i o n  d i f f e r  from t h e  s t a n d a r d  axisymmetric ones by t h e  

term where ( ) a p p e a r s ,  due t o  t h e  p resence  of c ross f low.  
Mer . Mer . 

depends on t h e  i n v i s c i d  p r e s s u r e  d i s t r i b u t i o n  on t h e  body and, t h e r e f o r e ,  

t h e  i n v i s c i d  momentum e q u a t i o n  i n  t h e  p e r i p h e r a l  d i r e c t i o n  i s  used t o  

e v a l u a t e  i t .  

Equat ion 1-2 becomes 

I f  t h e  p r e s s u r e  d i s t r i b u t i o n  over t h e  body under c o n s i d e r a t i o n  i s  known 

aw from theory  o r  exper iment ,  we can f i n d  a  r e l a t i o n s h i p  between - and 9 2 .  
acp acp* 

D i f f e r e n t i a t i n g  e q u a t i o n  11-1 w i t h  r e s p e c t  t o  cp we g e t  

au 
E v a l u a t i n g  eq.  11-2 a t  t h e  mer id ian  p l a n e ,  i.e. where w= - = &L = 0, 

acp acp 

w e  g e t  
0 2  C) 



Jc 
Oefining I1! = w and not ing  t h a t  u  = u i n  t h e  i n v i s c i d  momentum equat ion  

u e 
e  

under cons idera t ion  and p = p i f  we assume ze ro  normal preseure 
e 

grad ien t ,  Eq. 11-3 becomes 

Mer . Mer. . (11-4) 

a 
ax - 0 ,  eq. 11-3 becomes For bodies with con ica l  symmetry where - - 

Writ ten i n  non-dimensional form, eq. 11-5 becomes 
'3 * 

+ s i n  qc (, & ) 1 

Mer . Mer . yMe 

Eq. 11-6 i s  quad ra t i c  and i s  r e a d i l y  solved 
I' " e 

L 
s i n  r) i n  

c 1 - a2pe  ) 
Mer . 2 

C) 

aq2 Mer. 
L 

s i n  q 
C 

v a l i d  f o r  r O  

For bodies  .with c y l i n d r i c a l  symmetry, eq. 11-6 becomes 
C) 

1 = 0 
Mer, yMe e  Mer . 

t h e  s o l u t i o n  of which is 
n * 

Mer . 
provided t h a t  t h e  term i n  t h e  r a d i c a l  s i g n  i s  r 0. 



I t  is poss ib le  now t o  w r i t e  t he  momentum and energy i n t e g r a l  equat ions 

va l  i d  f o r  d i f f e r e n t  conf igura t ions .  

For a curved f l a r e  : 

6 
C 

r ( 1 ) dy + f/, - (Momentum Equation) 
Mer . e e  

_ % - (Energy equat ion)  * (11-11) 

eU eHe 

For a cone: 

6 
d 0 0 - = - - -  

C 

dx x X s i n q c  ( (1- f ) dy + fI2 (Momentum E q .  ) (11-12) 
P e e  

dm (P 1 
A = - - -  

dx 
--%?- (Energy Fq.) (11-13) * 
peUeHe 

For a  cy l inde r  : 



aL P, 
I n  eq. 11-4, the  term ( )Mer. 

can be evaluated.  

1 

The pressure  d i s t r i b u t i o n  on a  body of r evo lu t ion  can be represented t o  

second-order approximation by the  fol lowing equat ion:  

where pp = O0 r ep re sen t s  t he  leeward side, i s  t he  s t a t i c  pressure  a t  zero 
z 

angle of a t t a c h .  A,D, and B a r e  cons t an t s  which depend on the  f ree  s tream 

Mach number and t h e  body semivertex angle,  and a i s  t he  angle of a t tack .  I f  

t he  pe r iphe ra l  p ressure  d i s t r i b u t i o n  i s  known experimentally,  then it is poss ib l e  

t o  ob ta in  the  va lues  of t h e  cons t an t s  from t h e  approximate values of t h e  

pressure  a t  d i f f e r e n t  pe r iphe ra l  angles,  f o r  ins tance  cp = 0°, cp = 90°, and 

D i f f e r e n t i a t i n g  eq. 11-16 twice with respec t  t o  CP, we ge t  

On t h e  windward s i d e  of t he  meridian plane (cp = 180°), equat ion 11-17 becomes 

Al t e rna t ive ly ,  t he  term rLpe) could be obtained assuming a Newtonian 
7 Mer. 
acp 

approximation f o r  t h e  pressure  d i s t r i b u t i o n  

( s i n  qc cos a + s i n  a cos q cos cp) 
2 

P e  - - - = C 

- PC? 
( ~ e )  Mer. ( s i n  Q COB a 9 s i n  a coa q,)2 



where ro = o0 r ep resen t s  the  windward s i d e .  

D i f f e r e n t i a t i n g  twice with r e spec t  t o  rp 

a2 i, 2 
2 2 2 

s i n  q c  cos q s i n  a cos a cos cp - cos 71 s i n  a ( s i n  cp - cos r o l l  (11-20) ----- = - 2 [ L: C - 
3 

A t  the meridian plane 

2 2 ( s i n  q, cos rl, s i n  a cos a + cos q c s i n  a) (11-21) 

2 
s i n  ( a + q c )  

111. Appl ica t ion  of power law v e l o c i t y  p r o f i l e  and Crocco-relat ion 

I n  order  t o  s o l v e  t h e  boundary l aye r  equat ions ,  some assumptions must 

be formulated w i t h  regard t o  t h e  v e l o c i t y ,  d e n s i t y  and enthalpy p r o f i l e s .  

A power law v e l o c i t y  p r o f i l e  i s  assumed t o  be  v a l i d ,  i . e .  

On cones and c y l i n d e r s ,  N can be  s e t  equal  t o  a cons tan t  a s  it has 

been done i n  s e v e r a l  ana lyses  i n  axisymrnetric o r  two dimensional flows, and 

i t  is  considered a f a i r l y  good approximation of t h e  a c t u a l  p r o f i l e .  The a s -  

sumption of t he  power p r o f i l e  v a l i d i t y  i n  t he  laminar sublayer  near  t h e  w a l l ,  

i n s t ead  of a l i n e a r  p r o f i l e ,  i s  p e r f e c t l y  acceptab le  due t o  t he  smal l  c o n t r i -  
* 

but ion  of t h i s  po r t ion  of the  boundary layer  t o  t h e  i n t e g r a l s  fo r  8 and 6 

(Ref. 5). 

On compression f l a r e s ,  N is taken a s  a v a r i a b l e .  Persh, i n  Ref. 5 ,  shows 

t h a t  t h e  va lue  of N is d i r e c t l y  r e l a t e d  t o  t h e  v a r i a t i o n  of Re . A p l o t  
8 

of N ve r sus  Re shows good agreement with e x p ~ r i m e n t a l  r e s u l t s .  The r e s u l t i n g  
8 



curve (Fig. 3 of Ref. 5 )  can b e  approximated a s  follows without  in t roducing  

apprec i ab le  e r r o r s  

a s  i t  can  be  seen i n  Fig. 3 ,  

I t  i s  poss ib l e  then t o  se t  up a power c o r r e l a t i o n  

(Fig. 3 )  

where K is  a cons tan t  depending on the  va lue  of R '  and on t h e  power law 
e 

9 
assumption a t  t h e  beginning of  t h e  f l a r e ,  and the  r e f e rence  q u a n t i t i e s  a r e  

used t o  account f o r  compres s ib i l i t y  and h e a t  t r a n s f e r  (Fig. 4 ) .  The Crocco (Fig. 4 )  

Rela t ion ,  modified a s  i n  Ref. 14, i s  used f o r  t h e  enthalpy p r o f i l e  and i t  is 

w r i t t e n  a s  i n  Ref. 2 ,  i , e .  i n  terms of s t agna t ion  enthalpy t o  account f o r  

r e a l  gas e f f e c t s .  

where C is a  cons tan t  t h a t  can b e  obtained by s a t i s f y i n g  t h e  i n i t i a l  va lues  

of t h e  momentum and energy th ickness  i n t e g r a l  parameters. 

The s t a t i c  enthalpy p r o f i l e  can then be obtained 

The modified p r o f i l e  is  then 



The d e n s i t y  p r o f i l e  based on the  assumption of zero  normal pressure  g rad ien t  

i s  

IV. Skin F r i c t i o n  and Heat 'Transfer  

The s k i n  f r i c t i o n  method of Reference 5 i s  used with t h e  

modi f ica t ion  t h a t  TI, t h e  re ference  temperature, i s  used f o r  t h e  Reynolds 

number based on t h e  length  and on the  boundary l a y e r  thickness.  

N- 1 - - T N-2.52 
N t l  

p1ue6 
where Re' = - 

6 I-I ' 

T Re' 
M-3 

m 6 N-2.52 
N-t 1 N+i  - N- 1 

and 

p'u s 
R e ' =  e l  

I-I ' 



The value obtained from Eq, I V - 1  i s  compared with values obtained 

i n  Refs. 3 and 16 f o r  a cold wa l l  i n  hypersonic s t ream and i t  i s  i n  

good agreement (Fig. 5). 

T~ i s  obtained from the  re ference  en tha lpy  d e f i n i t i o n  (Ref. 15) 

A modified Reynolds analogy is used t o  obtained t h e  va lue  of t he  hea t  

t r a n s f e r  (Ref. 2) 

The i n i t i a l  va lue  of t h e  momentum th i ckness  i s  obtained from Reshotko 

and Tucker f l a t  p l a t e  formula evaluated a t  t he  beginning of t h e  body o r  

compression su r f ace  (Ref. 11) 

(Fig. 5) 



8 6 9t On a c o n i c a l  or  c y l i n d r i c a l  s u r f a c e  the  r a t i o s  - and - a r e  cons tan t ,  and 
6 '  6 

f o r  a  given power law exponent N w a l l  temperature and Mach number, u s ing  i ' 
9c 

Persh & 1,ee t a b l e s  ( R e f ,  18) f o r  compressible turbulen t  flow, 6 .  and 6 .  can 
1 1 

be obtained once the  i n i t i a l  v a l u e  of t h e  momentum th ickness  is known. 

A l t e r n a t i v e l y ,  u s ing  t h e  va lues  of Bi  and Ni ,  6 .  and 81 can be obtained from 
1 1 

t h e  i n t e g r a l  parameters equat ions [ E ~ s .  1-10 and 1-11]. 

V.  Method of  Solu t ions  : 

The equat ions obtained i n  t h e  pas t  s e c t i o n s  c o n s t i t u t e  a  £ u l l  s e t  

necessary t o  ob ta in  a s o l u t i o n .  The momentum and energy i n t e g r a l  equat ions 

a r e  solved numerical ly  by a  f i n i t e - d i f f e r e n c e  method a s  i nd ica t ed  below. 

1. The fol lowing condi t ions  a r e  given: 

Loca 1 s t agna t ion  pressure  and temperature,  boundary 

condi t ions  f o r  p(x) and , i n i t i a l  condi t ions  N .  and 
1 

B i t  body geometry OW 

9c 
2 .  Compute 6 and 6. (from Eqs. 1-10, I - l l $  

i 1 

3 .  Compute (Cf/2Ii (Eq. IV-1)- 

4. Incrementbody l e n g t h x  = X  + A X .  i+l i 

5. Solve momentum i n t e g r a l  equat ions i n  the s treamwise and 

pe r iphe ra l  d i r e c t i o n s  and energy i n t e g r a l  equation. 

6 .  Obtain new 8 and @ . 
7 ,  obtain new N .  

8. Choose 6 and s o l v e  i n t e g r a l  parameters f o r  8  and @. 
9. Compare 8 and $ from i n t e g r a l  equat ions and i n t e g r a l  parameters. 

10. I f  no agreement obtained,  per turb  6 through i t e r a t i o n s  u n t i l  

agreement is  reached. 

11, Repeat a t  next  s t a t i o n  up t o  the  end of the body. 



The s o l u t i o n s  obtained a r e  compared with the  experiment of Ref. 6 per -  

formed on a yawed cone and the  experiment of Ref. 7 on a curved f l a r e  a t  

zero  angle of a t t a c k  (neglec t ing  the  i n v i s c i d  con t r ibu t ion  f o r  t he  l a t t e r ) ,  

and the  agreement i s  good. 

V I .  -a Co&sson w - - 
A comparison i s  made between the  theory developed and t h e  experiment i n  

Ref. 6 on the  windward s i d e  of t h e  meridian plane. Ref. 6 t a b u l a t e s  the  

experimental  r e s u l t s  obtained f o r  t he  boundary layer  parameters on a yawed 

cone placed i n  a t u rbu len t  compressible flow. The same i n i t i a l  condi t ions,  

i . e .  Mach number, s t agna t ion  temperature and pressure,  and t h e  same r a t i o  

of angle  of a t t a c h  t o  semivertex cone angle,  a r e  used. 

The pressure  d i s t r i b u t i o n  i n  the  pe r iphe ra l  d i r e c t i o n  repor ted  i n  Ref, 6 

i s  used t o  s e t  up a system of t h r e e  l i n e a r  a lgeb ra i c  equat ions t o  determine 

the cons t an t s  A, D and B i n  Eq. 11-16 needed t o  f ind  t h e  value of 

while  t he  Mach number d i s t r i b u t i o n  i n  t h e  boundary l a y e r  i s  used t o  obtain,  

by means of t he  Crocco r e l a t i o n ,  t he  power law exponent 1 / N .  The Newtonian 

approximation f o r  t h e  pressure  d i s t r i b u t i o n  (Eq. 11-21) i s  a l s o  used 

a l t e r n a t i v e l y ,  ob ta in ing  no apprec iab le  d i f fe rence .  
* 

The boundary l aye r  parameters 6 , d  and e a r e  t he re fo re  ca l cu la t ed .  The 

c a l c u l a t i o n s  a r e  performed with and without t he  c ross  flow term i n  order  t o  

s tudy i t s  d i r e c t  e f f e c t  on these  parameters, The cons tan t  C of t h e  modified 

Crocco r e l a t i o n  is evaluated, bu t  i n  a s e t  of ca l cu la t ions ,  it i s  s e t  equal  

t o  zero  i n  order  t o  compare the  two r e s u l t s .  As it can be seen from Figs. 6-9, 

the  r e s u l t s  f o r  C = 0 and C = cons tan t  a r e  exac t ly  t he  same;as i t  is  ,expected 

(Figs.  6-9) 



s ince  the  standard Crocco r e l a t i o n  appl ies  well  on a cone. (Note t h a t  s e t t i n g  

C=O the  parameters 8 and @ become i d e n t i c a l l y  equal) .  

* 
The experimental values of Ref. 6 fo r  6 ,  6 and 8 a r e  

The present r e s u l t s  a r e  

* 
6 = 0.0394" 

awJc 
f o r  ( = const. 

and 

9; 

The c ross  flow adjustment, where the quant i ty  ( ) is  constant  

i n  the  streamwise d i r e c t i o n  on a cone, gives a va lue  fo r  6 within  2% of the  

Jr 
experimental va lue ,  a value for  6 wi th in  1.5% and a value for  8 wi th in  7%, 

Jc 
while,  ignoring the  cross  flow, the  values fo r  6 ,  6 and 8 a r e  off  by 27.4%, 

12,7%, and by 15.5% respect ive ly .  

The r e s u l t s  wi th  and without crossflaw d i f f e r  by about 20%. 

VII. 

I n  Ref. 7, an experimental inves t iga t ion  of hypersonic turbulent  boundary 

layer  i n  la rge  adverse pressure gradient  on an axisymrnetric f l a r e  a t  zero angle, 

of a t t a c k  is  t r ea ted .  The experiments a r e  performed a t  a f r e e  stream Mach 



Nuinber of 5.75. On the  f l a r e ,  due t o  t h e  high p re s su re  r i s e ,  adverse p re s su re  

g rad i en t s  have a  l a r g e  normal v a r i a t i o n  ac ros s  t h e  boundary l a y e r ,  which is no t  

accounted fo r  by boundary l a y e r  theory t h a t  s e t s  t h e  normal pressure  g rad i en t  
I 

equal  t o  zero.  l l ~ e r e f o r e  Hoydysh and Zakkay, a s  w e l l  a s  o the r s  ( see  Refs.  2, 10 

and 171, take itits actoufit t he  Inviscid eompottetit ef the bounda~y l ayer  pa-fad 

meters ,  and p re sen t  measured d a t a  and v iscous  da t a .  l'he measured d a t a  a r e  t o  

be understood a s  t h e  supe rpos i t i on  of t h e  i n v i s c i d  and v iscous  components. 

Since i n  t he  presen t  a n a l y s i s  t h e  s t a t i c  p ressure  i n  t h e  normal d i r e c t i o n  i s  

assumed cons t an t  throughout the  boundary l a y e r ,  t h e  comparison is made wi th  

the  v i scous  d a t a  of Ref. 7. The term due t o  t he  c r o s s  flow is  s e t  equa l  t o  ze ro  

(no c r o s s  flow p re sen t  on t h e  f l a r e s  a t  a=O). I n  t h i s  c a s e  t h e  momentum and 

energy equa t ions  reduce t o  t h e  equat ions of Ref. 2. The r e s u l t s  obtained 

(Figs.10-15) a r e  i n  s a t i s f a c t o r y  agreement wi th  t h e  experimental  d a t a  a s  w e l l  

a s  wi th  previous t h e o r e t i c a l  i n v e s t i g a t i o n s  by Sasman & Cresc i  (Ref. 12) and 

Reshotko & Tucker (Ref. 11) .  (Figs.  10-15) 

The c a l c u l a t i o n s  of t h e  boundary layer  parameters a r e  repea ted  f o r  a=loO 

on t h e  windward s i d e  of t h e  model. I n  t h i h  case  t he  term due t o  t he  c ross f low 

( $ ) i s  a  func t ion  of t h e  s treamwise d i s t a n c e  s I ,  measured from t h e  
Mer . 

beginning o f  t h e  f l a r e .  The r e s u l t s  a r e  p lo t t ed  i n  F igs .  16-20 and compared 

t o  the  ones obtained by s e t t i n g  ( ) = 0 t o r  t h e  same inv i sc id  d i s  t r i -  
Mer , 

bu t ion  t o  determine aga in  t h e  e f f e c t  of  t h e  c ros s  flow, (Figs, 16-20) 

;'r 

The va lues  of 6 ,  6 , and 8, t ak ing  i n t o  cons ide ra t i on  t h e  cr,ossflow, a r e  

20-25% lower than those  without  c ross f low,  whi le  t h e  form f a c t o r  H, except  f o r  

a  s l i g h t  v a r i a t i o n  a t  t h e  beginning of  t h e  f l a r e ,  i s  i d e n t i c a l  i n  both cases .  

In  Fig.  2 1 ,  t h e  mass f l u x  d e f e c t  due t o  t h e  crossf low is  shown. (Fig,  21) 



VII I .  Cylinder  i nves t iga t ion .  

The boundary layer  parameters a r e  ca lcu la ted  f o r  a  hollow 

cy l inde r  a t  an angle of a t t a c k  and the  r e s u l t s  p lo t ted  i n  Figs.  22-25 
-1- 

and compared wi th  va lues  obtained s e t t i n g  = O .  I t  i s  

found t h a t  the crossf low has a  damping e f f e c t  on the  growth of (3igs .  22-25) 

the parameters a long the sur face ,  and, beginning a t  x = 17", 

they approach a  cons tan t  value up t o  the end of the  c y l i n d r i c a l  

sur face  (x=35" ). 

Conc lus  ion  

A method f o r  c a l c u l a t i n g  the  compressible t u rbu len t  boundary 

l aye r  undergoing both adverse pressure  g rad ien t  and crossf low 

along a  plane of symmetry has been presented. 

While the method al lows one t o  obta in  the boundary layer  

* 
parameters such a s  6 , 6  and 8, i t  cannot p red ic t  separa t ion .  

The method i n  a d d i t i o n  assumes ze ro  normal pressure gradien t ,  

however, the con t r ibu t ion  due t o  ap/ay could be added a s  has 

been demonstrated i n  Ref. 9. 

The method of s o l u t i o n  i s  simple and the numerical c a l c u l a t i o n s  

do no t  r e q u i r e  a  long computer time. The program can be used f o r  

any body shape and any s e t  of i n i t i a l  and boundary condi t ions ,  

Comparison wi th  experiments and previous theo r i e s  a r e  made i n  

absence of c ros s f  low t o  show the  v a l i d i t y  of the present  method. 

Due t o  the  pauc i ty  of experiments on the sub jec t ,  only the  

experiment of Ref. 6 t h a t  involves crossf low i s  compared t o  the 



present theory. 

The present authors w i l l  present i n  part two a deta i led  

experimental study i n  order t o  ver i fy  the present analys i s .  
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APPENDIX I 

The s teady  boundary l aye r  mmentum equat ion  i n  the  s t reeamise  

d i r e e  t i s n  is  : 

and the c o n t i n u i t y  equat ion  is  : 

A t  y=O, urv==w=O and a t  y-6, u==u and v "we=O, t h e r e f o r e  t h e  boundary 
e e 

condi t ions  for  eq. 1-1 a r e :  

I n  o rde r  t o  d e r i v e  t h e  i n t e g r a l  £om of eq. 1-1 we make use sf  t h e  c o n t i n u i t y  

eq. 1-2,  from which 

S u b s t i t u t i n g  f o r  V ip eq, 1-1, i n t e g r a t i n g  term by term from O t o  6 ,  and using 

t h e  boundary condi t ions  



i n t e g r a t e d  by pa r t s  

S u b s t i t u t i n g  i n  eq. 1-1 

Noting t h a t  

t h a t  t h e  cross flow v e l o c i t y  w is equal  t o  zero  a t  t h e  meridian plane,  and 

rearranging terms, eq. (1-9) becomes 

= ..,J (a") 
asp Y = o  



Interchanging t h e  order  of i n t e g r a t i o n  and d i f f e r e n t a t i o n ,  no t ing  t h a t  

(2 h e r .  
depends on the  i n v i s c i d  pressure  d i s t r i b u t i o n  and the re fo re  is  

independent of y ,  multiplying end d i v i d i n g  the left  hand side of eq, (1-12) by 
2 

f'eUe 
, and s u b s t i t u t i n g  eq. (1-13) i n t o  eq, (1-12) then 

6 
pu 

Defining 8 (1- 6e ) dy 'cue 

2  
s u b s t i t u t i n g  i n t o  eq. (1-14) and d iv id ing  by p u  the  f i n a l  r e s u l t  is : 

e  e '  

- rue ( " )  bcp Mer. l6 f ( l ' - ~ ) d ~ + C  u 
e e f 12 



APPENDIX 2 

Energy equation 

For unity Prandtl number Eq.  (2-1) becomes 

Using continuity (Appendix 1, E q .  1-2) 

Integrating term by term throughout the boundary layer: 

Integrating by parts the l a s t  term of  the left-hand s ide  of eq. (2-4) 

and 



s u b s t i t u t i n g  eq . ' s  (2Q5) and (2-6) i n t o  eq. (2-4) and again noting t h a t  the  

cross flow v e l o c i t y  w is equal zero  a t  the  meridian plane, w e  obtain 

1 6 

- -  r J o [ ~ e - ' ] P ( g )  d y = q ,  
Mer . w 

But 

a a B dr H - (pru)= (pruHe)= r - (puHe) + puHe ;;since the  stagnation enfhalpy is 
e ax ax 

constant  a t  the  edge of the  boundary layer .  

Therefore eq. (2-8) becomes 

= ~ f  r 
0 (He - P (. 8) dy + Mer . 

Interchanging order  of in teg ra t ion  and d i f f e r e n t a t i o n ,  considering 

S" 
($9 Mer . 

independent of y and noting t h a t  pu (H - H ) dy is only functi .w of x 
o e 

a t  the  meridian plane, eq. (2-9) becomes 

1 
= - r ( ) J6 p ( H ~  - H) dy + B 

Mer. o 



r P (He - H) dy - q, 
Mer. o 

1 d r  ( H ~ -  Hw) - (H - HW 1 dy + ; Sn pu [(% - - ( H - H ~ ) ]  ay = 
0 

r 
Mer. o (2-12) 

We have def ined  

* * 
He. " Hw = He and H - Hw = H 

* 
mul t ip ly ing  and d iv id ing  by p 

e ue He 
, eq. (2-12) becomes 

d 1 d r  
H* -- dx P u H  e e e  (1 - $ ) d y + - - -  r d x  H* 

e e e  
He 

H* 
e e e  (2-13) 

Mer , s peUe e 

and s i n c e  we have def ined  

6 
@ = l  H* (2-14) 

o Peue 

eq. (2-13) becomes 

d * * dr p u H  + =  - dx [ Pe"eHe ' + T  dx e e e  

- p u H* (2 -15) 

But 



Therefore,  s u b s t i t u t i n g  eq. (2-16) i n t o  eq. (2-15) and d iv id ing  by 

p u al( t h e  f i n a l  fonn of  t he  energy i n t e g r a l  eq. i s  
e e e J  
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